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Applicability of Weibull analysis for brittle
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Weibull analysis for the interpretation of strengths of brittle materials was previously
justified for a particular flaw size distribution. The present results show that the Weibull
distribution provides a close approximation to the distribution of failure stress for all the
flaw size distributions considered. However certain reservations are noted in the interpret-

ation of the Weibull modulus.

1. Introduction

The Weibull distribution is commonly used in the
analysis of strengths of brittle materials. It has pro-
vided a means of comparing the strengths of differ-
ent brittle materials and is important in the
interpretation of the strength of a material and in
the design of components for engineering appli-
cations,

Jayatilaka and Trustrum [1] showed that for a
particular flaw size distribution, the distribution of
failure stress under uniaxial tensile loading is
closely approximated by the Weibull distribution,
provided that the number of flaws or cracks in the
material is sufficiently large. It is possible that the
flaw size distribution of a material may have a
shape other than previously described [1]. For
example the distribution could take a normal or
exponential shape. It is well known that the same
material, prepared under different conditions, has
different values of the Weibull modulus, m. In this
paper other possible flaw size distributions are
considered and the corresponding distributions of
failure stress are derived. Thereby it is possible to
comment on the applicability of Weibull analysis
for the strength of brittle materials.

2. Theory
The strength, o, of a crack of size ¢ inclined at an
angle § to a uniform tensile stress may be approxi-

*0n leave from the University of Moratuwa, Sri Lanka.

0022-2461/83 $03.00 + .12 © 1983 Chapman and Hall Ltd.

mately expressed for a material with Poisson’s
ratio 0.25 [1] as

o’c = K%

(1)

where K is the critical stress intensity factor of the
material (which is the same as K¢). Let H(c) be
the cumulative distribution function of the crack
size then, assuming all crack angles are equally
likely, the probability of failure for one crack at
stress ¢, F(0), is given by

Fo) = [} Zm©deds

e 2

=f, =0—HE)dg @
where x = K */fo* and H'(c) is the probability den-
sity function. Making the further assumption that
fracture at the flaw with minimum strength leads
to total failure, it follows that the distribution
function of the failure stress for & cracks, G(o),
satisfies

G(o) = 1 — probability all NV cracks survive at
stress ¢
= 1—[1-F@)]". 3)

De Haan [2] derives the limit distributions for
the maxima of identically, independently distri-
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buted random variables and gives sufficient con-
ditions for the convergence of the maximum to a
specified limit distribution. His work is based on
earlier work by Gnedenko and Von Mises. Since
the minimum flaw strength is required a slight
adaptation of the results in De Haan’s paper is
necessary. This leads to sufficient conditions for
the convergence of the minimum of a set of identi-
cally, independently distributed random variables,
namely the flaw strengths, to a given limit distri-
bution and the following theorem contains the
required results.

2.1. Theorem
(i) Suppose F'(¢) > 0 in (oy, 0y), F'(0) =0 for
0 < gy and for some a > 0

F(0)
I -0, )——= =
oo T ) T
then for large N

— ")] (0> 0y,)

ax

G(o)~ 1 —exp [- (0

where F(o, +ay) =N,

(ii) Suppose F"(0) >0 1in (0y, 0,), F (o) = 0 for
0 <0, and

im 2@ _ g,
atoy [91(0)]

¢(0) = In F(0),

where

then for large NV

U_‘bN

G(o)~1—exp [—exp( p )] (oy <o <),

N

where ¢(by) = —In N and ayx = 1/ (by).

The limit distribution in part (i) of the theorem
is the Weibull distribution, where o is the Weibull
modulus, o, is the stress below which there is a
zero probability of failure, NV is the number of
cracks and the probability of failure of one crack
at stress o, tay is 1/V. In part (i) the limit
distribution is known as the Gumbel distribution
which has mean by —ayy and variance m%a%/6,
where y = 0.5772 is Euler’s constant, so ay is a
scale parameter and the probability of failure of
one crack at stress by is 1 /N.

3. Application

Four different types of flaw size distribution are
now considered and the corresponding limit distri-
butions for the failure stress are derived. Fig. 1
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shows examples of the four distribution types,
which all have the same mean and variance for ease
of comparison.

3.1. Case a 1—Hlc) ~kc™(n >0)
for large ¢

This case includes the Pareto, Cauchy, ¢ and F
distributions and also the distribution used by
Jayatilaka and Trustrum [1]. Substituting H(c)

into Equation 2 gives

n/2y [g\™"
F(o)~ ;k —| dB=k'0*"as 0l0 (4)

0 Ba

where k' = [k/(n+ 1)](n[2K*)". On applying
theorem (i) with ¢, = 0 gives

Uli’r(l) %’g) = 2n>0 and ka} ~N!
hence
G(0) ~ 1 —exp (—kNo>") for large N.
(%)

So for flaw size distributions which decay like an
inverse power law, the resulting limit distribution
for the failure stress is the Weibull distribution
with Weibull modulus m = 2n. The mean failure
stress ¢ is given by

PR ! -1/m _1_
o= (KN I‘(1+m) (6)

where I is the gamma function. So for two speci-
mens of the same material with N, and N, flaws,

respectively,
o _ (M)
02 Ny
3.2.Case b

1—Hlc) ~ k(In ¢)re e
(A >0) for large ¢
This case covers the Lognormal distribution, which
is often used for data with a skew distribution, and
it can be shown that

ko 2kA 2K%)
F(U) ~ a (ln ;0—2) exp [— )\(h’l —7;73‘)

as 00.

(M

(8)

An application of part (ii) of the theorem with
¢(0) ~—4A(In 0)?as o | O gives
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Figure I Graphs of Power Law, Lognormal, Gamma and Normal probability densities with equal means and equal vari-

ances.

tim 2@ _ i i[l———"o_lJ =0
510 [#(D]* 51080 | (In 0)?
)
oo ()
G(o)~1—exp | —exp for large N
[ o ©)

where 4A(In by)?> ~1In N and ay ~— by/S\In by.
The mean failure stress

o ~exp [—(In N/4N)1?] for large N (10)

and the ratio of mean failure stresses

f}_l,v ( A 1/2 B In N, 1/2]
5, P [( oy ) m) |- av
3.3.Case c 1—H{c) ~kc'e ¢

{A > 0) for large ¢

The Exponential, Gamma and x? distributions are
examples of this case for which

k[2k2) ! 2AK?
‘“—2“ eEXpl— 5
mo mo

F(0)~X as o 4 0.

(12)

Thus ¢(¢) ~ — 2AK */m0? and applying theorem
(ii) gives )
¢'(0)

3n0®

im — 5 = 0.
glo 4)\K

lim

aglo [(f"(U_)F B
Hence

G(o)~1—exp [— exp (0 — bN)

for large N
(13)

where 20K */nb% ~In N and ay ~ 7b3/4AK 2, so
G~ (2AK?*/n InN)? for large N (14)

G (v, 172
6'2 lﬂ N1 ’
1— H(c) ~ ke re’~rc

(A >0) for large ¢

The normal distribution is included in this case for

an

and

(15)

3.4. Case d

which
k(237 2’k 2K2
Flo)~— = RO it
© 2 (noz) oxp 2] P g
as oy 0. (16)
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This gives ¢(0) ~— A(2K*/mo*)*as ¢ | 0 and
¥ 2.4
lim gbl(o)z: 1’1’1—-57{ 0'4:
aio [9(0)] aio  16AK

Hence
g— bN

G(o)~1—exp [—exp p for large NV

) (17)

where A(2K 2/mb%)? ~In N and ay ~ n2b3;/16AK*,

SO
mk*
g ey
m°In N

6'1 - In N2 va
(—72 In Nl '

The above cases suggest that the Weibull distri-
bution is the limit distribution only for flaw size
distributions which decay like an inverse power
law for large flaws, and that faster rates of decay
lead to the Gumbel distribution. One disadvantage
of the Gumbel distribution as a model for the dis-
tribution of failure stress is that, for sufficiently
low values of the probability of failure Py, it pre-
dicts negative values for the failure stress. However
in Section 4, it is shown that a family of Weibull
distributions can be found which closely approxi-
mate a given Gumbel distribution except for small
values of P¢ and 1— P;. This property was noted
by Peto and Lee [3] and justifies the use of the
Weibull distribution as a model for Ps.

An interesting special case occurs when the
cracks are of constant size and randomly oriented.
This applies to specimens that are subjected to
flexural loading and whose surfaces have been pol-
ished in a controlled manner to produce constant
size scratches on the surfaces. In this case H(c) = 1
for ¢ > ¢, and zero otherwise, which on substitut-
ing into Equation 2 gives F(0) =1—o0%/0* for
0> 0, = (2K %nc,)"? and zero otherwise. The
limiting distribution is the Exponential distri-
bution given by

2N
G(o) = 1— (gﬂ) ~1—exp [* ZN(H)}
o oy

(o> 0, > 0)

forlarge N (18)

and

(19)

which is a special case of the Weibull distribution
with m = 1. In general, Weibull distributions with
6, > 0 derive from crack size distributions with an
upper bound on the crack size.
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4, Relationship between Weibull and
Gumbel distributions

Consider the usual form of the Weibull distri-

butions used for determining the strength ¢ of a

brittle material of volume V,

_ m
P = 1—exp [— V(———o Uu) ]
Op

which has mean

0 = Gy + 0oV V"I + 1/m)

(0> 0y,)
(20)

(1)
and variance

Var(o) = a3V 2™[I'(1 + 2/m) —T*(1 + 1/m)].

(22)
Using the approximation exp(x)=1+x for
x| <1,
yvm 0™ 0y - 1+0—_0u—.OOV—Um
0o UQV_I/m
N 06— 0, — 0oV V™
= exp [ ;()V—l/m

for 0, €0< 0y + 200V "™, and substituting in
Equation 20 gives
— 0, — oV V™
OOV—I/m °

(23)

The right hand side of Equation 23 is the Gumbel
distribution, which has mean

o = o, + 0V V™1 —vy/m) (y=0.5772)
(24)

Pio1—exp [—expm(0

and variance

Var(o) = 7203V "2'™/6m>.

(25)

Using the results T'(1) = — yand I'"(1) = 7%/6 + 72,
one can show that Equation 24 is the first two
terms of the Taylor series in m ™ of Equation 21
and Equation 25 is the first non-vanishing term
of the Taylor series of Equation 22. This means
that the approximation is better for larger values
of m. Also eliminating V between Equations 24
and 25 gives

_ 6 Var(o)]'2
o + B 6y )
s
which shows that a family of Weibull distributions,
with ¢, and m linearly related, approximate the
Gumbel distribution determined by the values of o

and Var(¢). This explains a result found by
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Figure 2 Graphs of the Gumbel and three Weibull distributions with parameters satisfying Equations 24 and 25 with

6 = 167.0 and Var(o) = 198.2.

Trustrum and Jayatilaka [4]. It also gives further
support for the recommendation in the same paper
for using Equation 20 with o, =0 for the prob-
ability of failure at stress o, since the best approxi-
mation to the Gumbel distribution is obtained
when m is largest, which occurs at g, = 0. In
Fig. 2 three Weibull and one Gumbel distributions
are drawn with parameters satisfying Equations 24
and 25, where ¢ and Var(o) are estimated from 32
experimentally observed failure stresses.

b. Safety factors

In engineering designs “safety factors” are com-
monly used. For brittle materials the safety factor,
s, is usually defined as o/o, where ¢ is the mean
failure stress and o is the design stress at a given
probability of failure, P;. The safety factor for the
Gumbel distribution can be obtained from
Equations 23 and 24 and for o, =0 is given by

m—y

Sg = I [ In(1—Pp)] (y =0.5772).
@7

For the Weibull distribution with ¢,, = 0,it follows
from Equations 20 and 21 that the safety factor is

L(1 + 1/m)

M Enaergm Y

Table I shows the safety factors for the two distri-
butions for a range of values of i and P¢. For very
low values of P;, Equation 27 predicts negative
values for sg, which are unacceptable. The dis-

TABLE I Safety factors for Gumbel distribution and for
Weibull distribution in brackets. Negative values are
denoted by —

m Pf
1/102 1/10* 1/10°
6 3.87 — -
(2.00) 4.31) (9.28)
10 1.75 11.93 —
(1.51) (2.39) (3.79)
12 1.54 4,09 —
(1.41) (2.06) (3.03)
14 143 2.80 72.76
(1.34) (1.86) (2.58)
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crepancy between the values of sg and sy is greater
for the lower values of both m and P;. This is also
clear from Fig. 2.

6. Discussion
Experimental studies are not yet sufficiently
advanced to determine the crack size distribution
in a wide range of brittle materials. It is likely that
different materials or the same material prepared
in different ways could have widely differing crack
size distributions. For example they need not
decay like ¢ ™" for large c, a shape used in [1] that
justified the use of Weibull analysis. The work
carried out in this paper examines a range of flaw
size distributions and the results support the use of
Weibull analysis for all the flaw size distributions
considered. Therefore it is possible to conclude
that the distribution of failure stress is insensitive
to the flaw size distribution, a result which simpli-
fies the analysis of the strengths of brittle materials.
However certain reservations must be noted.
When the flaw size distribution H(c)~1—kc™"
as in Case a, n can be related to the Weibull modu-
lus by m = 2n. Therefore m is a material param-
eter determined by the flaw size distribution. In
the case of other distributions this is not so and
comparing Equation 23 with ¢, = 0, the Gumbel
approximation to the Weibull distribution, and
Equation 9 identifies m = by /ay . So for Case b,
the Lognormal distribution, m ~ 4\V%(In N)¥2
and depends on both the number of cracks, NV, in
the material and a parameter, A, of the flaw size
distribution. In Case ¢, m ~ 2In N and in Case d,
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m~4In N, so when the flaw size distribution is
Exponential, Gamma or Normal, the Weibull
modulus is related to In N only. Since N is pro-
portional to the volume, m is related to the vol-
ume. These results can be used to investigate the
nature of the flaw size distribution experimentally.

It is important to note that the ratio of mean
strengths of two sets of specimens of the same
material with different volumes, given by Equations
7,11, 15 and 19, is dependent on the type of flaw
size distribution. Also the derivation of safety
factors based on the Gumbel distribution leads
to difficulties as the probability density is non-
zero the range — o < ¢ <o, This means that the
Gumbel distribution should only be used for 6 > 0
and should be used with care near ¢ =0, where
the approximation is poor. For the Gumbel distri-
bution shown in Fig. 2, which was fitted to 32
observed failure stresses, Py =14 x10"7 when
o = 0. This indicates that in practice the Gumbel
distribution should be used with caution for
P <10°°,
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